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Quasi two-body decays B°(t) —* aj t (1260)7r :F identified by four charged pions determine a phase 
a e fi, which is equal to the weak phase a in the limit of vanishing penguin amplitudes. Applying 
flavor SU(3) to these decays and to B — > a\K and B — > K i7r, with A'i an admixture of Ad(1270) 
and Ad (1400), we derive expressions providing bounds on a — a e ff- Higher precision in a may be 
achieved by an overall fit to a complete set of SU(3) related measurements. A method is sketched 
applying isospin symmetry to time-dependent invariant mass distributions in B —> 7r + 7r _ 7r 0 7r°. 


I. INTRODUCTION 


Hadronic B decays from b —> uud transitions pro¬ 
vide the most direct information about the weak phase 
a = arg(-V t dV t l/V ud V* b ) governing the interference be¬ 
tween B° — B° mixing and B decay amplitudes in these 
transitions. The current determination of a from time- 
dependent CP asymmetries in B° —> tt + tt~,B —> p ± n Zf 
and B —> p + p~ involves a combined error at a level of 
10 ° 00 . 

Information on a can also be extracted from time- 
dependent decays B°(t) —> af (1260)7r :f: 0, 0|. Recently 
the Babar and Belle J|] collaborations have reported 
branching ratio measurements for these processes, where 
final states were identified through four charged pions, 


B{B° ^af( 1260)7r =F ) 


(40.2 ±3.9 ±3.9) x 1CT 6 [5] , 
(48.6 ±4.1 ±3.9) x 1CT 6 [6] . 


.( 1 ) 

These values, where charge-conjugation averaging is im¬ 
plied for initial and final states, are in agreement with a 
calculation based on naive factorization p}. 

The difficulty in extracting a , common to all the above 
modes, is the presence of subleading penguin amplitudes 
with a different weak phase than that of the dominant 
tree amplitudes. This difficulty can be overcome by us¬ 
ing symmetries, either isospin 3, (g] or approximate fla¬ 
vor SU(3) (Hi El. Applications of these symmetries to 
B° —> af resemble applications to B —> pit data, 
where isospin symmetry in a Dalitz plot analysis 12j, Ileal 
and flavor SU(3) for quasi two-body decays El El have 
already been used to determine a. 

An essential point in applying isospin to time- 
dependent decays into multibody final states is the ex¬ 
istence of a final state which is common to several reso¬ 
nant channels having some overlap in phase space. This 
permits measuring relative phases between decay ampli¬ 


tudes for distinct resonant channels in B° and B° decays. 
In B —> pn, decays to the final state 7r + 7r _ 7r° involve 
interference of B°(B°) —> p + tt~,B°(B°) —> p~ir + and 
BfjB 0 ) —► p°7r° in the three corners of the Dalitz plot 

In contrast, one can readily show that in B —> 
ai7r (ai —> p 7r) the final state 7r + 7r _ 7r°7r°, common to 
B°(B°) -> afn-,B°(B°) -> a"7r+ and B°(B°) -> a?7r°, 
does not involve an overlap between the af resonance 
bands and the a 3 resonance band. Each of the three reso¬ 
nant amplitudes does interfere with the dominantly longi¬ 
tudinal amplitudes jjl| f° r B°(B°) —> p + p~. (In Ref. Q 
cuts on B° —> ai7r were suggested to eliminate this inter¬ 
ference.) Thus, in principle, a fit for B°(t) —> 7r + 7r - 7r°7r° 
combining contributions from B —> ai7r and B —> pp 
could permit measuring relative phases between the three 
B° —> ai7r amplitudes. The absence of a penguin am¬ 
plitude in the A I = 3/2, I = 2 linear combination of 
these amplitudes Jg] would then enable an extraction of 
a E3- While in this respect the situation seems similar 
to B —> pn, one would face in this rather complex anal¬ 
ysis the challenges of an additional n 0 in the final state 
and of an uncertainty in the a i resonance shape. 

The purpose of this Brief Report is to propose an easier 
measurement of a in time-dependent decays B°(B°) —> 
ay (1260)7^ with four charged pions in the final state, 
which is the cleanest signal channel to reconstruct. We 
will study these decays in the quasi two-body approxi¬ 
mation within a complete set of SU(3) related processes. 
While we will follow an analogous study of B°(t) —> 
p^iB 0, a modification is required by the fact that 
Kia, the SU(3) partner of ai(1260), is a mixture of two 
mass eigenstates, (1270) and /\i(M00) Cl¬ 
in Section II we define decay amplitudes and time- 
dependent decay rates for B°(B°) —> af tt t in terms 
of tree and penguin contributions, noting a measur¬ 
able quantity a e ff which equals a in the limit of van- 
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ishing penguin contributions. Section III derives up¬ 
per bounds on a — a e ff in terms of branching ratios for 
B -> ai K,B -> A"i(1270)tt and B -> A'i(1400)tt. Sec¬ 
tion IV concludes, suggesting a determination of a using 
an overall parameter fit to a complete set of SU(3) related 
observables. 


II. AMPLITUDES AND TIME-DEPENDENCE 


We borrow notations and conventions from Ref. 14;]. 
B° decay amplitudes involve subscripts denoting the 
charge of the ai, while B amplitudes into charge conju¬ 
gate states are denoted by A with the same subscripts, 


Whereas these two phases cannot be measured sepa¬ 
rately, their algebraic average a e ff is measurable M 


a eS — 2 l Q eft 


Aff) - 4 L 


arcsm 


S +AS 


+ arcsin 


yi-(c , + Ac , ) 2 < 
S - AS 

y/l-(C-AO\ 


( 8 ) 


The two shifts a — aQj are expected to increase with 
the magnitudes of the corresponding penguin amplitudes, 
| p± |. The shifts may be expressed in terms of \p± |, 7 and 
corresponding CP-averaged rates and CP asymmetries in 
B° —> a^TT^, 


A + = A(B° —> afn ) , A_ = A(B° —+ 7r + ) , 

A + = A(B° —► aj" 7 r + ) , A_ = A(B° —> ay - ) .(2) 

The four decay amplitudes can be expressed in terms of a 
“tree” amplitude (£) and a smaller “penguin” amplitude 
(p). We adopt the c-convention, in which the top-quark 
has been integrated out in the b —> d penguin transition 
and unitarity of the CKM matrix has been used to move 
a V* b V u d term into the tree amplitude. We write 

A±=e ll t±+p±, 

A± =e~ i ' l t± +p± , 


where dependence on the weak phase 7 is displayed ex¬ 
plicitly, while t± and p± contain strong phases. 

Time-dependent decay rates for initially B° decaying 
into are given by [lg 


P (B°(t) -> af**) = e -rt i (|A ± | 2 + \A T \ 2 ) 

1 + (C ± AC) cos Amt — (5 ± AS) sin Amt 


(4) 


where 


C±AC = 


I^I 2 H£tI 2 

i^±i 2 + iyi 2 


and 


S±AS = 


2lm(e~ 2i0 A T A* ± ) 

i^±i 2 + iyi 2 


(5) 


( 6 ) 


Here T and Am are the average B° width and the neu¬ 
tral B mass difference, respectively. For initially B de¬ 
cays, the cos Amt and sin Amt terms in m have opposite 
signs. Thus, time-dependence in these decays determines 
the four quantities, S ± AS, C ± AC. 

We now define two phases which coincide with a in the 
limit of vanishing penguin amplitudes 00 , 


<4^arg (e-WA ± A* ± ) . (7) 


T(ayF) = i(|A ± | 2 ) + |A ± | 2 ) , 
One finds 00 , 


± _ \A ± \*-\A ± \* 

CP |A±| 2 + |A±| 2 ' 
(9) 


cos 2 (a 



1 — 2|p ±| 2 sin 2 'y/T(afn*) 

\J l ~ (-4 cp ) 2 


( 10 ) 


III. BOUNDS ON a - a eB FROM FLAVOR SU(3) 

The corrections a — af s caused by the penguin ampli¬ 
tudes p± may be bounded by relating the decays B° —> 
afn* with corresponding AS = 1 decays, B —> a\K and 
B —> Kia*, where Kia is a nearly equal admixture of the 
Ad(1270) and Ad(1400) resonances 0. The bounds are 
effective because of a relative factor (A) 2 , (A = 0.23) be¬ 
tween the ratios of penguin-to-tree amplitudes in AS = 0 
and AS = 1 processes. The bounds become more restric¬ 
tive for small values of [p±|/|t±|. For instance, branch¬ 
ing ratios for B —► aiA" and B —* Kia* which are 
not much larger than JB(at**) would imply generically 
|p±|/|t±| < 1 (see discussion below), similar to what has 
been observed in B° —> p ± n :f Ill- 

Applying flavor SU(3) to B° —> at** we will make two 
approximations, neglecting AS = 1 annihilation ampli¬ 
tudes which are formally 1/mb-suppressed [20], and ne¬ 
glecting nonfactorizable SU(3) breaking corrections when 
relating AS = 0 and AS = 1 amplitudes. Since we ex¬ 
pect \p±/\t± | to be small, these approximations have only 
a second order effect on the extracted value of a. 

We start by discussing upper bounds on \a — a^| fol¬ 
lowing from decay rates for B +0 —+ a\I\. Under the 
above-mentioned approximation one has 

A{B+ -> a+K°) = -(\)~'lfp_ , (11) 

A(B° —> aj" I< + ) = lf[-(\)-ip_+ e ^\t-\ , (12) 

JTV 

where A = WuMWuA = \V cd \/\V cs \ = 0.23, and f n ,f K 
are decay constants [l7|. We define two ratios of CP- 
averaged rates for these processes and for B° —> a^* + , 
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—2 

multiplied by A , 
n+ A 2 /gr (a+K°) 

/|r(ar^+) 


n u = 


A 2 /gr(aj-g+) 

f 2 K T(a/n+) 


(13) 


We now discuss upper bounds on 7Z% A and 7Z% A in 
terms of physical processes involving the mass eigenstates 
A'i(1270) and A'i(1400). The state I\\a is an almost 
equal admixture of these states, 


Superscripts and subscripts denote the charges of the B 
meson and the a± meson in the denominator. These def¬ 
initions lead to bounds on |p_|/|t_| as mentioned above, 



Eqs. nra-irn imply immediately 

, _ N 1 - 2 Tit sin 2 7 , x 

cos 2 {a - a eff ) = =■ , (16) 

v 1 - (”^cp) 2 

and therefore 

| sin(a — a^j)| < \Jtz1l sin 7 . (17) 

The CP-averaged rate for m obeys m m 
\\U/fK?T{a^K+) > \p- 1 2 sin 2 7 . Consequently, 

, _ 1 - 27Z°_ 

cos 2 (q - a eff ) > — = , (18) 

V 1 - (Adp ) 2 

and therefore 

| sin(a — a“g)| < , (19) 


K 1A = cos BK X (1400) + sin 9K r (1270) , (25) 

with 33° < 6 < 57° 122j, while the orthogonal state, the 
strange SU(3) 1 P\ partner of &i(1236), is 

K 1B = - sin 0A'i(14OO) + cos OK^ (1270) , (26) 

This implies 

A(B + -+ K° 1A 7T+) = (27) 

cos0A(/i) ) (14OO)7r + ) + sin6>A(A^(1270)7r + ) , 

where the two pure penguin amplitudes, identified by 
their final states, involve an arbitrary relative strong 
phase. Thus, one has an upper bound on T(A)( 4 7 r + ), 

r(A 1 V+) < (28) 

cos0^r(AO(14OO)7r+) + sin6>^r(A°(1270)7T+)l , 

which determines an upper bound on 7Z% A defined in 

A similar expression holds for an upper bound on 7Z+ A , 
in terms of the mixing angle 6 and CP-averaged decay 
rates for B° —> A(*“(1400)7r _ and B° —> K% (1270)tt~ . 
This bound can be shown to hold in spite of the fact 
that these processes involve both penguin and tree am¬ 
plitudes. 

Finally, one combines the two separate upper bounds 
on \a — a~ s \ and \a — a % s | to obtain a bound on \a — a e ff|, 


Similar considerations can be applied in order to obtain 
upper bounds on | sin(a —a^)| in terms of ratios of rates 
involving K\ Al the strange quark model 3 Pi partner of 

ai, 

_ A 2 / 2 i r(A 1 V+) X 2 f 2 ai T(K+ A 7 T-) 

+A f 2 K T(atn-) ’ +A f 2 K T(atn-) 

( 20 ) 

The SU(3) decompositions of the amplitudes in the nu¬ 
merators are similar to CD and m- 

A(B+^K° 1 A n+) = ~(X)- 1 ^p + , (21) 

Jai 

A(B°^K+ a 7T-) = ^l[-(A)-V + e i 7 A4] .(22) 

Ja 1 

This implies bounds on |p + |/|t + | similar to (II41) and IS 
with 1Z A ’° replaced by 71% A - Instead of is and is 
one now has 

|sin(a-a+ ff )| < y/71% A sin 7 , (23) 

|sin(a-a+ ff )| < \Jp° +a ■ (24) 


|a-a e ff| < ^(|a-aj" ff | + |a-a eff |) . (29) 

IV. CONCLUSION 

We have studied the extraction of a from time- 
dependent decays B(t) —> 0^(1260)71- T in the quasi two- 
body approximation. The four observables, S ± AS and 
C ± AC, determine the angle a e s in Eq. © up to a four¬ 
fold discrete ambiguity. A twofold ambiguity in a e s may 
be resolved either by other constraints on a, or by assum¬ 
ing that the two added angles on the right-hand side of 
Eq. © differ by much less than 180°. This follows from 
|arg(i_/i + )| -C 90°, valid to leading order in 1/mb ,20|, 
and an assumption of small |p±|/|i±|> testable through 
relations such as Eqs. m and G3- 

We have used flavor SU(3) to obtain upper bounds 
d , m 03) and im on |a — a% s \. This requires 
measuring CP-averaged rates for either B + —> a%K° 
or P° —>■ a/K + and CP-averaged rates for either 
B+ -> A?(1270)7r + and B+ -» A?(1400)tt+ or B° -> 
K% (1270)7r _ and B° —> K% (1400)7r _ . The resulting 
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upper bound, Eq. m, assumes an unknown relative 
sign between a — a~ s and a — a+ s . In B° —> p ± ir T 
these two shifts are expected to have opposite signs be¬ 
cause |p±|/|t±| are small and arg (p±/t±) lie in oppo¬ 
site hemispheres 23], as shown in a global SU(3) fit to 
B —> VP decays [24j and in QCD factorization including 
1/mb-suppressed terms [25|. This reduces the bound on 
| a — a e ff| in B° —* p ± n T by a factor of two [23]. It is 
unclear whether a similar argument holds in B° —> afir^. 

Instead of using SU(3) to obtain upper bounds on 
| a — a e g| one may perform a fit to all the observables in 
B°(t) —> af and in SU(3) related modes. This study 
is expected to reduce errors and to resolve ambiguities in 
a, as has been shown in the case of B —> p ±r K^ by per¬ 
forming a x' 2 fit 0- Since the states K\a and ATb in 
(1251) and m mix, a complete set of processes includes 
also the decay B° —> 6^(1235)7t _ described by ampli¬ 
tudes t b + and p b , in analogy with iffll . Information from 
B° —> &/( 1235)7r + is not needed since the corresponding 
AS = 1 decays B —> biK are unrelated to B —> a\K. 

Amplitude decompositions are given in Eqs. m, 
d, (EB, d and by corresponding expressions for 


A(B° —> 7T _ ), A(B —> A'ib7t), with the replace¬ 
ments t+ —> t b + , p + —> p b + , Kia —> K 1B . The to¬ 
tal number of observables is seventeen, including S ± 
AS, C ± AC and the two CP-averaged rates in B°(t) —> 
afir^, the CP-averaged rates and asymmetries in B° —> 
bi7r~, aj~AT + , A'/" (1400)7 t _ , A'/"(1270)7t _ , and the rates 
for B+ —> af K°, AT?(1400)7r + , A'/(1270)7 t+. The seven¬ 
teen observables are described in terms of twelve parame¬ 
ters, the magnitudes and relative phases of t±,p±, t b + ,p\ 
and the weak phase a. A simplification, ijj" ~ 0, oc¬ 
curs by assuming factorization of tree amplitudes, which 
holds at leading order in 1 /m& [2(3, [H|, and by using the 
G-parity of b\ [261] . This implies a vanishing asymmetry 
in B° —> bf ir~ and a small rate for this process unless 
p b + is enhanced by nonperturbative effects. 
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